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Direct observations provide constraints on the rst two derivatives of the inflation potential in slow
roll models. We show how present day observations, combined with the flow equations in slow roll
parameter space, provide a non-trivial constraint on the third derivative of the inflaton potential.
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I. INTRODUCTION
Inflation is today considered a natural and necessary
part of the cosmological standard model, providing the
initial conditions for cosmic microwave background ra-
diation and large scale structure formation. Our knowl-
edge of the fundamental physics responsible for inflation
is, however, very limited, and only recent observations of
the cosmic background observations [1{3] and large scale
structure [4{6] have provided the rst glimpse of the un-
derlying physics. This has been achieved (and is still only
possible) in slow roll inflation (see [7] for a review on slow
roll and list of references).
For any given inflationary model one can nd the
power spectrum of primordial curvature perturbations,
P(k), which is a function of the wavenumber k. This
power spectrum can be Taylor-expanded about some
wavenumber k0 and truncated after a few terms [8]
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where the rst term is a normalization constant, the
second is the power-law approximation, with the case
nS = 1 corresponding to a scale invariant (Harrison-
Zel’dovich) spectrum, and the third term is the running
of the spectral index.
Early data analyses [9,10] have truncated this expan-
sion after the rst two terms, hence assuming that the
bend of the spectrum is zero, ∂lnk  dnS/dlnkjk=k0 = 0.
However, as shown in [11,12], this early truncation gives
too strong constraints on both scalar and tensor indices,
and the analysis must allow for a bend of the spectrum.
In most slow roll (SR) models ∂lnk is expected to be very
small, since it is second order in small parameters [13],
but there are very interesting models where this need
not be the case [14{16], and ∂lnk may assume values big
enough to be observable (see e.g. refs. [11,17]). The more
general SR models are constrained through the expan-
sion (1), and provide constraints on the rst two deriva-
tives of the inflaton potential [18,19].
In SR it is straight forward to nd the derivatives of the
scalar and tensor spectral indices [13,20], dnS/dlnk and
dnT /dlnk, and these two provide the flow equations in SR
space [21]. We show below how one can combine present
day observation with these flow equations to obtain a
non-trivial bound on the third derivative of the inflaton
potential, V 000/V , under the assumption that V 000/V can
be treated as a constant.
II. SLOW ROLL MODELS
Observational constraints. The constraints on slow
roll parameters are highly improved when combining
CMB data with data from the Lyman-α forest. The rea-
son being that the error-ellipses for CMB and Lyman-α
are almost perpendicular [19] . The reason for using
Lyman-α data [4] instead of \standard" LSS data (such
as PSCz [5] or 2dFGRS [6]) is, that the Lyman-α data
are obtained at high red-shift, where small scales are still
linear. The bounds obtained are [19] (all at 2σ)
0.8 < ns < 1.0 , (2)
0 < r < 0.3 , (3)
−0.05 < ∂lnk< 0.02 , (4)
where nS is the scalar spectral index, r is the tensor
to scalar ratio, and ∂lnk = dnS/dlnk is the bend de-
ned through eq. (1). These bounds directly provide











∣∣∣∣ < 0.1 , (6)
Note that the analysis of ref. [19] assumes the absence of
appreciable covariances for the Lyman-α data.
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however, the third derivative is not directly constrained.
To obtain a bound on V 000 we must combine the obser-
vational constraints (2-4) with the flow equations in SR
parameter space.
Flow equations. Slow roll models are traditionally
dened through the 3 parameters , η and ξ2, which
roughly correspond to the rst, second and third deriva-
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from which one can express the SR parameters using the
directly observable quantities n, r and ∂lnk
2ξ2 = −∂lnk − 242 + 16η , (8)




= −nT . (10)
The factor κ in eq. (10) depends on the given cosmol-
ogy [22,23], in particular on the value of ΩΛ and ΩM , and
in this paper we will use the value κ = 5, corresponding
to ΩΛ = 0.65 and ΩM = 0.35.
As the inflaton rolls down the potential, the values of
nS and nT will change, and this variation is governed by





















where we have used d lnk = −dN with N the number of
Hubble times (e-folds). The connection between ξ2 and
M3V 000/V through  is given by equations (7).
As N increases, the inflaton rolls down its potential,
and the observable parameters are determined when the
relevant scales cross outside the horizon, approximately
50-60 e-folds before the end of inflation [25]. Inflation
ends, when the SR conditions are violated [25,21]
r < 30 or
∣∣∣∣(nS − 1) + 35r
∣∣∣∣ < 6 . (13)
The area in (nS , r) space inside this boundary is denoted
the SR \validity-region". The dotted (straight) lines in
g. 1 show this region, and also an example of the flow
of two models. An almost trivial observation is that the
observed region (2-4) lies inside the SR validity-region.
In order to determine the parameters observable in CMB
or LSS, one simply has to use the flow-equations (11,
12) to follow the SR-violating boundary in (13) some
50-60 e-folds back in time. By assuming that the third
derivative of the potential can be treated as a constant,
one sees from eqs. (7,11,12) that the flow equations are
a closed set of equations, and one can easily follow the
time evolution of nS and nT .
FIG. 1. Two examples of the flow of points in the (nS, r)
parameter space. Both models start at nS − 1 = −0.06 and
r = 5.76  10−6, and end on their critical points (circles). The
dotted lines represent the boundary of the validity region.
The rst model (solid line) flows to the critical point given
by M3V 000/V = 10, it crosses the boundary precisely after 50
e-folds. The model whose flow is shown as a dashed line has
M3V 000/V = 2. It never leaves the SR validity region and in
this case inflation never ends.
Specically, for any given value of the third deriva-
tive of the potential, V 000/V , we can flow back 50-60 e-
folds, and by demanding that the resulting parameters
(n, r, ∂lnk) land in the region allowed by observations,






which is the main result of this paper. It is important to
repeat, that this results has been obtained under the as-
sumption that V 000/V can be treated as a constant from
the time when the scales important for CMB and LSS
cross outside the horizon, until the end of slow roll infla-
tion. It is somewhat disturbing that this lower bound is
much larger than the corresponding upper bounds on the
rst two derivatives, eqs. (5,6), which may indicate that
the constraint V 000/V = const should be lifted. On the
other hand, as we will discuss later, ref. [15] describes
a model motivated by supersymmetry breaking, which
exhibits exactly this behavior.
III. DISCUSSION
It is straight forward to understand what happens in
SR parameter space. The critical points (the points
where the flow-lines end) are the points where both
dnT /dN = 0 and dnS/dN = 0 . (15)
The rst condition gives the two lines, r = 0 or r =
−κ(n−1). One sees that r = 0 inserted into dnS/dN = 0
gives ξ2 = 0, which we will just ignore for the present
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discussion. The other line, r = −κ(n − 1), gives ξ2 =
(n − 1)2. This is the critical point of importance for SR
inflation. Linearizing the flow equations near this point
shows that it is (for ξ2 > 0) an asymptotically stable crit-
ical point, and most points (models) will eventually flow
to it. Hence, if it is outside the SR validity-region, the
flow-equations will force the models to cross the bound-
ary, and crossing the boundary in eq. (13) denotes the
end of SR inflation. Such a critical point outside the SR
validity-region may thus both provide SR parameters in
agreement with observations, and also end inflation. On
the other hand, if the critical point is inside the validity-
region, then the flow-equations will never (except in par-
ticular cases) both allow inflation to end, and give values
in agreement with observations. We thus see that the
constraint in eq. (14) essentially arises from the demand,
that the critical point must lie outside the SR validity-
region in eq. (13).
Our numerical investigation has shown that, although
models with ξ2 < 0 are not constrained by this argument
due to the absence of the critical point, they seem unable
to provide parameters in agreement with observations.
FIG. 2. r as a function of ns−1 when the scales important
for CMB and LSS cross outside the horizon. The solid line
is the upper bound on r for N=50, and the dashed line is for
N=60. Larger values of V 000/V give smaller r.
In order to illustrate our ndings, we consider a few
examples of inflationary models. A particularly simple
model is the limit of power law inflation, where the po-
tential can be written as V (φ) = expf−√2/qφg [7]. In
this case one nds that the observable quantities r = 10/q
and nS−1 = −2/q are constant in time. Indeed, they sit
precisely on the critical point mentioned above. Clearly
inflation does not end in this model without introducing
an additional mechanism. Our analysis does not cover
such an external end to inflation, but we can note that
in this case the critical point must lie inside the validity
region for inflation to take place at all. When a mech-
anism to end inflation is invoked, the xed point must
be moved outside the validity region, and V 000/V cannot
be kept constant. Any further predictions depend on the
precise way inflation is ended and are beyond the scope
of this paper.
Another possibility is a monomial potential of the
form V (φ) = λM4−pφp. It can be shown (see eg. [7])
that φ =
p
2NpM when cosmological scales leave the
horizon, and therefore nS − 1 = −(2 + p)/(2N) and
r = κp/(2N). Imposing jnS − 1j < 0.2 leads to the con-
dition p + 2 < 0.4N  20. The third derivative has to be
much smaller than 1 in this case, which seems challenged
by the result found above, eq. (14). Furthermore, if p = 2
the third derivative vanishes identically and ξ2 = 0. The
critical point is then at nS−1 = r = 0 and inflation must
be ended (as for the power law case) via an additional
mechanism.
As mentioned above, ref. [15] discusses a model mo-
tivated by dynamical supersymmetry breaking. In their
example, the part of the potential relevant for inflation
is V (φ) = V0[1 + α(M/φ)p], and V0 is assumed to dom-
inate the potential (i.e. α  (φ/M)p). This leads to a
rst constraint,   η. Hence the ratio r of the tensor to
scalar contribution should be much smaller than nS − 1,
which is consistent with the low upper limit on r found in
this paper (see g. 2). Additionally one nds that the ra-
tio of M3V 000/V to η is given by (p + 2)(M/φ). The slow
roll region is characterized by φ0 < φ  M (where φ0
is dened as the eld value at which  is of order unity
and SR inflation stops). The second inequality lets us
conclude that the third derivative of the potential during
SR is expected to be larger than η. Hence in this model
the result (14) is no surprise, but actually expected.
FIG. 3. dnS/dN as a function of nS − 1 relevant for CMB
and LSS. The many dots represent points on the boundary of
the validity region followed back 50 (respectively 60) e-folds
for dierent V 000/V in agreement with eq. (14). The prediction
for the correlation between nS and dnS/dN is only weakly
dependent on N.
The flow-equations were also considered in ref. [21],
where the assumption was made that x00 = 0, where x =
V 0/V . In this case the two lines for dnT /dN = 0 and
dnS/dN = 0 are identical, and one has a complete line
as attractor. Ref. [21] also considered the more general
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case of x00 = const, however, as shown above (and also
discussed in ref. [26]) the critical points are more specic.
Let us note, that the approach of this paper diers from
the results of ref. [18], where it was pointed out, that an
observation of ∂lnk would provide knowledge about V 000.
The dierence being, that in our case we have only an
observational upper bound on r, and without the use of
the flow equations, this will leave V 000 unknown.
The approach described in this work can naturally be
extended to nd the fourth derivative of the inflaton po-
tential, V (4), if only a bound is obtained on the second
derivative of the scalar index, d2nS/dN2. This comes






+ f(nS , r, ∂lnk) , (16)
where f(nS , r, ∂lnk) is a simple function of (nS , r, ∂lnk)
(see e.g. the appendix of [12]).
IV. PREDICTIONS
It is interesting that the combination of the flow equa-
tions with the observational constraints also provide pre-
dictions. As seen in g. 2, with the scalar spectral index
in the region, 0.8 < nS < 1.0 one predicts r < 3  10−5.
This means, that if tensor modes should be measured to
be higher, then either the assumption of constant third
derivative is not good; or slow roll inflation would be
challenged.
From g. 3 one gets a clear connection between n and
∂lnk, which only depends slightly on the number of e-
folds. For N = 50 and nS in the range (2) one nds
0.003 < dnS/dN < 0.02. This is just a factor of a few
smaller than the existing bounds [19], and may in the
near future provide information on the validity of slow
roll inflation. One can speculate, that an improved de-
termination of both nS and dnS/dN by a factor of 20
would allow a distinction between N=50 and N=60, giv-
ing information about fundamental inflationary quanti-
ties such as the reheat temperature.
V. CONCLUSION
The combination of CMB observations with data from
the Lyman-α forest have given us information on the rst
two derivatives of the inflaton potential. We have here
shown how the combination of present observations, and
the flow equations in slow roll parameter space, allows
one to obtain a non-trivial bound on the third derivative
of the inflaton potential. As a by-product we have found
a clear correlation between nS and dnS/dN as well as an
upper bound on the scalar to tensor ratio r, which in the
near future will be tested with improved CMB and LSS
data.
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